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INTRODUCTION 
We consider an example of an elliptic operator in iP, singular at the origin, 
which was introduced by Baouendi et al. [l]. 
Let h, p E @, x = (x1 ,..., x-) E KP, n 3 2, y2 = xi xi2, and A = Ci a2/axi2. 
We consider the equation 
Au = Ar2u + tL(a/ar)ru + Au =J (0.1) 
Baouendi et al. studied Eq. (0.1) in the space of germs of analytic functions at 
the origin and gave a complete description of the kernel and the range of the 
operator A. The purpose of this paper is to investigate A in Sobolev space 
H,,(s2,), s E N, where Sz, denotes the open ball {x l IFP : 1 x 1 < A}, 0 < R < co. 
In order to state our main results, we introduce some notations. 
If X and Y are two topological vector spaces, L(X, Y) is defined to be the 
space of linear continuous operators which map X into Y. A linear operator 
A EL(X, Y) is called normally solvable, if its range im A is closed in Y. If, 
in addition, the dimension of the kernel dim ker A and the codimension of 
the range codim im A = dim Y/im A are finite, A is called a Fredholm operator 
and the index is defined by ind A = dim ker A - codim im A (cf. [2]). 
We introduce the Banach space 
X,(L&) = {u E ff,(f2;2,) : xyDpu t ff,&‘,), I P I = I Y I < 21, SEN, 
with the norm 
ill u /lls,s2R = C II xyDsu Ils,szR , 
lal=lrl<z 
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where as usual 
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If A is the operator defined in (0. I), we obviously have A EL(X,(Q~), H,(Qn,)). 
Furthermore, let 
X,(Z) = -gn + /.L + 2 - +q, X2(4 = -!dn + p + 2 + 71’2] 
for 1 E N with 
+q = (n + p + 2)2 + 4Z(Z + n - 2) - 4(2n + /et + A). 
The numbers AIj2(Z) are called characteristic roots of A. 
By z(Z, 2s) we denote the number of h,,,(Z)‘s satisfying -n/2 < Re h,,,(Z) < 
2s - n/2 and set 
I = 1(2s) = c %(I, 2s) * 
(21+ n - 2)(n + 1 - 3)! 
ZEN (n - 2)! Z! ’ 
Then the following theorem holds: 
THEOREM 0.1. The operator A EL(X~,(W), H2&fP)), s E N, is normally 
solvable, if and only if 
Re X,(Z) # -n/2, 2s - n/2, i = 1,2, Ze N. (0.2) 
If condition (0.2) is satisJied, then A is a Fredholm operator with dim ker .A = 0 
and codim im A = 1(2s). 
The operator A EL(X,,(QJ, H,,(Q,)), s E N, R < co, has the following 
properties: 
On the hypothesis 
Re &(Z) # 2s - n/2, i = 1,2, ZEN, (0.3) 
the operator A is normally solvable and the relations dim ker A = co, codim 
im A < co hold. Furthermore, the kernel of A can be described and we shall 
prove that the Dirichlet problem for Eq. (0.1) generates a Fredholm operator 
under the hypothesis (0.3) (cf. Theorem 2.3 below). 
Let Cm(gs) be the FrCchet space of all functions infinitely differentiable 
on aR . The following counterpart to the results of Baouendi et al. [l] seems 
to be interesting. 
THEOREM 0.2. Assume that there is no j E N with h = -4( j + 1) and 
p = (2j + 2)(2j + 2 - n). Then A is not normally solvable in Cm(DR), R < 00. 
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Moreover, there exists a function f E Cm(oR) n g A such that the equation Au = f 
has no solution in P(I?), Vr E (0, R]. 
We note here that Baouendi and Sjijstrand [3, 41 have studied analytic 
regularity and hypoellipticity for a class of singular differential operators 
containing (0.1) as a special case and that some of our results with methods 
used by Bagirov and Kondrat’ev [5] can be extended to the more general 
situation. This will be published in a subsequent paper. However, the method 
used in this article leads to more precise and complete results for the model 
operator (0.1). 
1. THE OPERATOR A IN L2(W) 
Let S-l be the unit sphere in R”. The spherical coordinates of x E Rn are 
denoted by x = (Y, 0) with r > 0 and 0 E 9-l. The Laplacian can be written 
in spherical coordinates 
where 6 is the Beltrami operator on 9-l. 6 is a self-adjoint and positive definite 
operator inL2(S”-l). For the orthonormal basis of spherical harmonics {P,,,(O), 
I E N, 1 < 01 < a(Z)) in L2(S”-l), where 
a(Z) = (2Zi- n - 2)(n + 2 - 3)! 
(n - 2)! Z! ’ 
we have SP,,,(O) = Z(Z + tl - 2) P,,ol(0). By virtue of Parseval’s equality and 
a theorem of B. Levi we can write 
u(x) = c c %x(~)~Z.~(@), 
L=Oa=l 
for any u EL~(QJ, 0 < R < co, where the series (1.1) converges in L2(.QR): 
II u Ilka, = j-,1 u(x)l” dx = j-oR IS.-1 ) U(Y, @)I” dOr”-1 dr 
= ; JoR jpAl I %(“) f’z,cxWl’ d@P-‘dr = c II uz.mPz.a Il:.saR . 
z.ar 
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In order to prove a lemma on equivalent norms in X,,(.QJ, we introduce the 
operators 
a a 
hi = y Tjg - xix, i=l n. ,***, 
It can easily be verified that Ci (8J2 = 8, &+(r) = 0, and 
(but a,( and azj do not commute for i # j). 
LEMMA 1.1. The Norm Ill u IIIO,oB of Xo(QR), 0 -=c R < co, is equivalent to 
the norm 
Proof. Using the identities 
a2 
-q-q' 
6 = r2 & + (n - 1)~ $ - ?A, 
and the estimate [6, p. 1981 
II 
(1 + 8)% $24 ji 
OAR 
we obtain I u lo.~, -G c Ill u lll~.~a,~ Vu E X&Q,). (In the following we denote 
all unimportant positive constants by c, cr , c2 ,..., k, kr , k, ,... .) 
It remains to show the inequality II) u IjlO,RR < c 1 u lo,a,, Vu E X,(Q,). Now 
it follows from 
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and an analogous representation of 
a2 
Applying [6, p. 1981 again we deduce the desired inequality. 
Furthermore, it is not difficult to prove 
LEMMA 1.2. The space COm(DR) is dense in Xo(Qn,), 0 < R < 03. 
Let A be the operator defined in (0.1) with the characteristic roots h,,,(Z). 
The main result of this section is 
THEOREM 1.3. The operator A EL(X~(ITF), L2([Wn)) has a continuous inwerse, 
if and only if 
Re hi(Z) # -n/2, i= 1,2, ZEN. (1.2) 
Zf condition (1.2) is violated for at least one 1, then A is not normally solvable. 
Proof. Step 1. Assume that condition (1.2) is satisfied. We have 
A = Ar2+& r+h= Yg2+(n+p+2)Y ( 1 
Let u E Com(!P). We consider the spherical harmonics expansion (1 .l) of u. 
Then the series 
i = 0,1,2, 
and 
624 = C ul.&) sP1,,(@) = C W + n - 2) h(y) PL@> 
1.u La 
are uniformly convergent (cf. [l, p. Sol]). 
Since 
y 2 %.a(Y) = (y% u),,, 
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we can write 
Au = c (G%&N Pz,a(@>, 
La 
where 
cz = (Y g + (n -+ p + 2)Y + + (2n + p + A) - Z(Z + n - 2). (1.3) 
Now from 
and 
Re (*(r -$ - A) u, u) = T (Re h + 5) II u II: 
we obtain the estimate 
II u II0 < h II(r -g - A) u 11, > u E m-n 
where kA = I Re h + n/2 1-l. Together with the inequality 
l~~~Uii, ++)u~~o+ I~lll~ll, 
(1.4) implies 
il~llo+~~~~~~~o < u + (1 + I h IM /I (r $ - A) 24 /IO 7
Using the factorization 
Cl = (r -g - w)(r g - h(O) 
(1.4) 
24 E C,“(W). 
(1.5) 
and applying estimate (1.5) to the functions u~,,JT) s,,(O) E C,,@‘(W) twice we 
get 
505/36/3-6 
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Then using (1.4) and (1 S) again we deduce 
II 
a 
r - (1 + W~z,aPz.a ar II 0 
< (1 + I h,(l)1 kA#)}{l + Z(Z + 92 - 2))1’%,(l) II G%,&,a 110 3 (l-7) 
II 8uz,aPz.a l/o< l(E + 71 - 2) hl(Z)h,(Z) II Cz~z.apz,a II0 * (1.8) 
By virtue of condition (1.2) the constants in estimates (1.6)-( 1.8) are uniformly 
bounded with respect to 1. Therefore we get 
Since Com(rWn) is dense in X’,(lfP) (L emma 1.2), inequality (1.9) holds for all 
u E X,(lfP). Therefore A EL(X~(~KP), L2([w”)) is injective and normally solvable. 
Step 2. Now we prove that A(X,([W”)) is dense in L2([w”). Let (Au, f) = 0, 
Vu E X,(W), for some ffL2(PP). We get 
and therefore 
tCz?n--lfi,a = 0, ZEN, (1.10) 
where K’, denotes the formal adjoint of C, inL2([FB1).Since K’, is anEuler operator 
we obtain from (l.lO)fr,a = 0, VZ, 01. Thusf = 0 and the assertion is proved. 
Together with Step 1 this implies that A is an isomorphic map from X,([w”) 
onto L2(lP). 
Step 3. Let Re h,(Z,) = --n/2, f or example. We have shown in Step 2 
that the kernel of the formal adjoint tA of A is trivial in L2(5P). By the same 
arguments, this is true for the operator A. 
For E > 0 we set uJ~) = (2~)1/2 rt+Al(ro)[(r) with E(r) E C,~(I~P), t(r) = 1, 
1 r 1 < 1. It is not difficult to verify that U, E X,,([w”) and // U,(Y) Plo,a(0)l~o > 1, 
11 Au,(r) Pz,,,(0)ljQ -+ 0, E + 0. Since dim ker A = 0 in X,(P), the operator 
A EL(X~(IP), L2(tQn)) cannot be normally solvable. The proof is complete. 
2. THE OPERATOR A IN Hz6(QR) 
In this section we consider Eq. (0.1) in the spaces H,,(Q,), s E N, 0 < R < co. 
Since the transformation x + x/R does not change the operator A we set 
R = I for convenience. We start with some technical lemmas and definitions. 
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First of all, we have in view of [7, Chap. 1, Theorem 9.41 
for all 4%) = 22~~ UZ.&) Pd@> EX.&i), s E N. 
Further we need the following regularity result which can be proved with the 
help of Theorems 3.2 and 8.2 in [7, Chap. 21. 
then u E X&Q,). 
For each Ze N we define the sets M, = MQ.r) = {I, 1 + 2,..., I + 2i,,), 
where i, = is(2s) denotes the greatest nonnegative integer i such that 1 + 2i < 
2s - n/2 (if i,, does not exist, we set M, = a). 
The homogeneous Euler equation C,u(r) = 0 (cf. (1.3)) has the fundamental 
system of solutions 
vy<y> = t+(l), q)(Y) = 
I 
yA.JZ) if h(Z) # h-(Z) 
+I(~) In r if X,(E) = h,(Z) 
on the interval (0, 11. We set U&T, 0) = @J(Y) P&O). Now the following 
simple lemma holds. 
LEMMA 2.2. We have u$~(Y, 0) E X,,(sZ,), if and only if 
Re X,(Z) > -n/2 + 2s or Al(Z) E 11, > 
and w{~~(r, 0) E X,,s(f2,), if and 0nZy if 
Re Aa > -n/2 + 2s or h,(l) # h,(l) md &(l) E Ml . 
Now we define the sets 
Z” >- {(I, a) : z E N, 1 < OL < a(Z), zu’l;; 5 x&Q i = 1, 2}, 
z!,={(z,ct):zEN,l ~ol~cu(z),wtf~~xx,,(a,),;=1,2}, 
z, = ((1, a) : z E N, 1 < a < ct(l)}\(Z, u Z,). 
For fixed I, OL we denote by z(Z) the number of different roots h,(Z), i = 1, 2, 
satisfying X,(Z) E M, . Furthermore, we set z = J& z(Z). It is obvious that 
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the sets Z, and Z, are finite and therefore z is finite. We note here that the sets 
hi, i = 1, 2, 3, and the number x depend on s and A : & = Zi(2s, A), z = 
x(2s, A). 1 M 1 denotes the number of elements of a finite set M. 
THEOREM 2.3. Let A be the operator defined in (0.1). 
(i) Under the hypothesis 
Re hi(Z) # - I $ 2~9 i= 1,2, ZGN (2-l) 
the @mator 21 ~W&4)j fMQd x fL+3/2 (S+l)) determined by the Dirichlet 
problem 
Au =f,ujs”-l =g (2.4 
is a Fredholm operator with dim ker VI = 1 Ba 1 and codim im Ql = / Z, / f- X. 
(ii) Assume that (2.1) holds. Then the equation Au = f, f E H&an,), has 
a solution u E X,,(sZ,), if and only if 
( 1 $ di(z;l,.(o) = 0 for all ZEN, 1 < 01 & a(Z), i = 1,2, (2.3) 
such that hi(E) E Ml . 
(iii) The kernel of A in X,,(sZ,) consists of all elements of the form 
Uk&, 0) = C 
(Z*aW1uh, 
ML 4 w!,fk, 0) + ,zTEz W, 4 wl’%, 0) (2.4) 
*E 2 
where k,(Z, a) E @, i = 1, 2, and 
,J, I W 412~3+4s -=c a. (2.5) 
1 
(iv) If condition (2.1) is violated, then the operators 2I and A are not normally 
solvable. 
Proof of Theorem 2.3. for s = 0. We have M,(O) = ,@, 1 E N, and the com- 
patibility conditions (2.3) do not occur. 
Step 1. We set 
for all f E L2(.QR,), where A-l is the inverse of the operator A E L(X,(lW), L2(W)) 
which exists in view of (2.1) and Theorem 1.3. Then AC-l) is obviously a 
continuous right inverse of A. Thus (ii) is proved. 
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Step 2. Let u E X,,(sZ,) and Au = 0. Then u has the form (2.4) (cf. Lemma 
2.2). Further, let u’ = &J~~, K,(Z, a) wifL(r, 0). Then the formula 
!: ihi IiL, = C I 42 + n - 2) k,(Z, a)/” 1 n + 2 Re h,(Z)l-r (2.6) 
(Z,cdEZ1 
and the inequality I/ 622 j1,,5a1 < 11 6u &,o, < co imply (2.5). Conversely, suppose 
that (2.4) and (2.5) hold. Then (2.5) and (2.6) yield the relation 66 ELM. 
Hence auk,, ELM. In an analogous manner we deduce from (2.5) that the 
spherical harmonics expansions of 
a 
Uker > Y x Uker 2 ker 7 (1 + 8)1’2Y $ “ker 
converge in L2(8,). This completes the proof of (iii). 
Step 3. Now let fEL2(J2r), g E Hs12(Sn--1) and assume that (2.1) holds. We 
consider the Dirichlet problem (2.2). 
From (iii) we deduce that ker 2I is spanned by the functions 
(YW - YW) P,,JO) if X,(Z) # h,(l) 
and 
yAlcz) In Y . P,,=(O) if h,(Z) = h,(Z), (I, a) Ez2 . 
Thus dim ker % = / iz, I. Furthermore, the compatibility conditions for 
problem (2.2) are 
gz,a = (g - A(-l)fIP-‘)l,a = 0, (k 4+ 9 (2.7) 
where At-l) denotes the right inverse constructed in Step 1. 
Assume that (2.7) holds and let g” = g - A(-llf jsn-l . Since 
II d /1;3,2(2”-‘) = E I &a I”[1 + 4z+ n - m3’2 b c I ilea 12Z3 
z.n 
we obtain with the help of (iii) that the function 
is a solution of (2.2) in the space X,,(Q). Conversely, if problem (2.2) has a 
solution u E X,,(sZ,), it follows from (iii) that (2.7) holds. 
Thus we have shown that codim im 9I = / Z, 1 and the proof of(i) is complete. 
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Step 4. We assume that Re h,(Z,) = -n/2 (for example) and prove that the 
operators A E L(X,(G,), L2(Q,)), and (Lc E L(X,,(sZ,), L2(sZ,) x EY&,~(S~-~)) are not 
normally solvable. Let u,(r), E > 0, be the functions constructed in Step 3 of 
the proof of Theorem 1.3. We have 
Now [8, Chap. 4, Theorem 5.21 yields the desired result for A. Further, we 
obtain 
II %PL,., k-1 IIH&*-~) = cw2 II Pl@ llH,,,(s”-l) + 0, E ---f 0. 
Hence (1 %zu,P~~,~ II--+ 0, E ---f 0, and % cannot be normally solvable. The theorem 
is proved for s = 0. 
Proof of Theorem 2.3 for s > 0. Step 1. Assume that the characteristic roots 
h,,,(Z) of A satisfy (2.1). We have dsA = AIds with the operator 
Now A, has the characteristic roots X,,,(Z) - 2.r, E E N, which fulfill condition 
(1.2). Therefore, it follows from (i) for s = 0 that the operator M, E L(Xs(Qr), 
P(Q,) x Hs12(Sn-1)) determined by the Dirichlet problem A,u = f, u IS%-1 = g 
is a Fredholm operator with the index ind %r = 1 Z,(O, A,)[ - ] Z,(O, A,)/ = 
1 2,(2.r, A)\ - ] Z,(%, A)\ - x(2s, A). Obviously the operator 
S-l 
ai, = wu, ,I> ~JwO(Ql) x n H2s+3/2--2icw~ 
i=O 
L2(Ql) x i ~2s+2,2-2*W1)) 
i=O 
has the same index (I denotes the identity). Furthermore, the operator B(u, v) = 
(A%, v, u ISn-1 ,..., As+ js,+I) is an isomorphic map from 
ff2.sv4) x ~2s+3/2Pn-1) 
ontoL2(Ql) x H2s+3/2 (P-1) x I$:: H2s-1,2-2i(Sn-1) (cf. [7, p. VI’ and Chap.21). 
Then it follows from Lemma 2.1 that the operator ‘&u = (A%, u ISn--l ,..., 
A”-4 ]s+I) is also an isomorphic map from X,,(sZ,) onto 
S-l 
Xo(Q,,> x n H2s+3/2-2iW’-1)~ 
i=O 
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Now the equation 
@,B,, - bs)u = (O,O, Au Is”-’ - Au ISn-x ,..., A% Is+1 - A”-1Au lPel) 
= Tu (2.8) 
holds. Furthermore, the operator 
T : X,,(Q~) --'(Q;2,) X n ff2s+3/2-2i(Sn-9 
i=O 
is compact, since the injection of H,(S”-l) into H,(S”-l), s, s’ E 5P, s > s’, is 
compact ([7, Chap. 1.161). Therefore, we deduce from (2.8) that % EL(X,,(Q,), 
ff2dQl> x H2S+3/2(Sa-1N . IS a Fredholm operator with the index 
ind~Uind~L[,=jZ,I-l/Z,I--. (2.9) 
Step 2. Since Ij D’P,,, ]IL~(S”-~) < c . Z21Vl, VZ, 01 (cf. [9]), it follows from (2.5) 
that the series (2.4) converges in X.&Q,). Now the description (iii) of the kernel 
of A can be obtained as in the case s = 0. 
Step 3. Assume that (2.1) holds; (iii) yields dim ker 2I = I Z, I. Then we 
get codim im 2l = 1 Z, 1 + z from (2.9). Thus (i) is proved. 
Step 4. Next we want to determine the compatibility conditions of the 
equation Au = f and problem (4.4). Let f~ H,,(s2,), g E ZIZ~~+~,~(S~-~), and 
u E X&J&). Using Sobolev’s theorem we get 
rz $ u E P(.n,), i = 0, 1,2, 
and f E Cm(Ql), where m denotes the greatest nonnegative integer (2s - n/2. 
Then we also have 
ai 
” ari - %,a ,“L E Crn[O, 11, i=o,1,2,vz,ol. 
Using the identities 
(I& - h2(Z))(r $ - w) %a =.fi,c% 
we deduce that conditions (4.5) are necessary for f to belong to im A. We have 
to show that they are also sufficient. In order to do so, we introduce the subspace 
A of H 2s+3,s(Sn-1) which is spanned by the functions P&O), (I, a) E Z, . By 
virtue of (i) the operator 
au = (Au, c ud) Pz,m(@)) 
(z,a)ezluZ, 
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acting from Xa,(Qr) into H&Q,) x [H2s+3,2(Sn-1) 0 I?] is a Fredholm operator 
with the index ind % = 1 Z, [ - x. Since dim ker @ = 1 Z, 1 we obtain 
codim im !% = x. 
Now conditions (2.3) determine x linearly independent continuous functionals 
on H,,(Qr) and obviously the relation codim im A < codim im ‘$l holds. 
Therefore we have shown that f E im A, if (2.3) is satisfied. Thus (ii) is 
proved. 
Step 5. Assume that (2.1) d oes not hold and ‘8 is normally solvable. We 
have dim ker ‘u = 1 Zs 1 < co (again (2.1) is not necessary for this assertion). 
Therefore % is a semi-Fredholm operator and (2.8) implies that ‘?lr is also 
a semi-Fredholm operator (cf. [6, Chap. 4.51). This is a contradiction to (iv) 
for s = 0. Hence, % EL(X~~(QJ, Hss(Q,) x IIZ~~+~,~(P-~)) cannot be normally 
solvable. 
The same is true for the operator A EL(X,,(QJ, H&O,)) because the normal 
solvability of A would imply the relation im 2l = im A + (HZs+3,2(Sn-1) @IV) 
with a finite-dimensional subspace N. The proof is complete. 
Remark 2.4. Conditions (2.3) mean that certain linear combinations of 
partial derivatives off at the origin of order 1 + 2j < 2s - n/2, j E N, are zero. 
They coincide with the conditions fi,a,j = 0, I+ 2j < 2s - n/2, considered 
in [l]. 
Furthermore, it is easy to see that assertion (ii) of Theorem 2.3 is also true for 
bounded domains with a sufficiently smooth boundary. 
3. PROOF OF THEOREM 0.1 
Theorem 0.1 for s = 0 coincides with Theorem 1.3. It remains to prove the 
theorem for s > 0. 
Step 1. Assume that (0.2) holds. By virtue of Theorem 1.3, A has a con- 
tinuous inverse A-l EL+V(IP), X&R”)). Furthermore, if we denote by Xa, the 
closed subspace 
of X,,(Q,), then in view of Theorem 2.3 the operator A: &, --t im A has a 
continuous inverse A$ im A -+ Xzs . 
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Let f E H,,(IP). Now the compatibility conditions of the equation Au = f 
are 
(6 4 E UJ) u WY\(~2(24 u uw~ 
(3.1) 
i + A-lf 1 - & Ar;,‘f = 0, p-1 I 1 ‘P-1 z,oi 
and (2.3). Assume that (2.3) and (3.1) hold. These conditions determine z + 
(5 - a) = t linearly independent continuous functionals on H,,(UP). We set 
gz.cv = Wf ISn-A,a and km = (& A-tfl,n-,)z CL. 
Then the problem Au = f, 
has a unique solution u2s E X,,(QJ. Furthermore, the problem Au = f, 
has the unique solution u,, 1 .Q, E X,,(sZ,), where u,, = A-lfg X&P) (see 
Theorem 2.3(i) for s = 0). We have u,, = u2s in Q, . It is not difficult to prove 
u,, E X,&P). Thus, we have shown that conditions (2.3) and (3.1) are sufficient 
for the solvability of Eq. (0.1) in X,&P). It is obvious that they are also necessary. 
Hence the second part of Theorem 0.1 is proved. 
Step 2. Now suppose that (0.2) does not hold. Let Re X,(1,,) = -n/2 + 2s, 
for example. Then we obtain the relations 
II %pzo,a 112sw 3 c > 0, II &PzO,a ll2s.l~” - 0, c-+-to, (3.2) 
where u,(r) was introduced in Step 3 of the proof of Theorem 1.3. If Re /\,(Z,,) = 
--n/2, then we get (3.2) with U,(Y) = (2e)li2 rA1(z+‘[l - E(r)], E > 0, and 
E(Y) E C,,m(rW1), t(r) = 1, 1 Y / < 1. Thus the operator A EL(X~@P), H,,(R~)) 
cannot be normal solvable and the theorem is proved. 
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4. PROOF OF THEOREM 0.2 
For convenience let R = 1. It follows from the hypothesis of the theorem that 
X,(Z) 5 N, i=l,2, Z>Z, (4.1) 
(cf. [l]). Furthermore, we have 1 Im hi(Z)] < c, i = 1, 2, Z > I,, and 
31 < Re AI(Z) < 21, -21 < Re X,(Z) < --$I, 1 3 Z,, . (4.2) 
We consider the function 
where glJr) = (2wz/a) h(Zr) and h(r) E Cm(O, OO), h(r) = 0, r < 4, 0 < 
h(r) < 1, + < r < 1, h(r) = 1, r > 1. 
Let gN(x) = C1,szsNgl,A~> f’d@). Then we have gd4 E @‘(W and 
gN(x) + g(x) as N -+ co in Cm(D,) because the series 
c-- 2-z LlS(h(Zr) P,,m(@)] l,a O1 
converge in L2(llP) for all s E IV. Let 
with 
f&> = (7 $ - X2(I)) .&b(r). 
Thanks to (4.2) we get as abovef,,,(r) P&O) E P(llP), VZ, 01 and 
Now we assume that the equation Au = f with f defined above has a solution 
u E Cm(QrO), r. E (0, 11. Then ZQ,JT) E Cm[O, r,,], VI, 01, and these functions 
satisfy the ordinary differential equations 
(4.3) 
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It follows from (4.1) that the operators 
are invertible in P[O, r,] (cf., for example, [lo]). Further, it is not difficult to 
verify that the functions ~r,~, I > 1, , have the representation 
I 
r 
uz,&) = Y%(~) p-AW1gz,,(p) dp. (4.4) 
0 
We havei, E im A, N 2 lo . Finally, we show that 
This contradicts our assumption and proves the theorem. 
Without loss of generality we can assume that h,(Z) E R1, 1 E N (otherwise we 
consider the function g(x) = CrSu &,Pl,, E Cm(GI) with g”l,c. = r-rmll(r)gl,J. 
We obtain with the help of (4.2) and (4.4) 
u~,~(Y) = A(Z) 
s 
’ p-Adz’-1 gz,Jp) dp 3 rA~(z) j”” p-W’-lgzs,(p) dp 
0 ill 
>12-‘3z 9 
/4z 01 ’ f-3-9 1 
z > I,. (4.5) 
Equation (4.5) implies 
; j-oyo 1u~,~(~)I~Y”-~ dr > c j.‘“‘” - (!)‘v+~ dr = +a~ 
z,a 90 (4& 2 
wo 
Remark. The operator A EL(P(~~J) is normally solvable, if there exists 
a j E N with h = -4( j + 1) and p = (2j + 2)(2j + 2 - n). Finally, we note 
that dim ker A = cc in C@r) (cf. [I]). 
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